Abstract
Introduction
The finite element method is a powerful tool for solving a variety of mechanical problems involving solids, shells, plates, membranes and bars of various types. The mechanical model is discretized by a set of finite elements and the approximate solution is calculated as the result of linearized equations. The question if the solution is close enough to the exact result is inevitable. Of course, if the model is composed of an appropriate number of elements with dense node meshes, the solution will be in the margin of tolerable errors, but great efforts have been made by researchers to develop finite elements able to approximate exact solutions on coarse meshes with as few elements possible.
Here, we propose a novel finite element for modeling of moderately thick plates that is designed on the so-called assumed strain concept. This concept was introduced by Hughes and Tezduyar in [1] and applied on the quadrilateral element for the "Kirchhoff mode" of quadratic order. The idea was exploited afterwards by MacNeal [2] and by Bathe and Dvorkin [3] on the Mindlin type quadrilaterals. They assumed that linear shear strain fields correct deficiencies of the isoparametric method and avoid spurious shear strains on irregular element shapes. MacNeal concluded that for n-node element the number of the independent transverse shear coefficients to prevent spurious mechanisms is equal to n. Bathe and Dvorkin used the same assumption for the shear but they interpreted it as the covariant tensor components. Their four-node elements are known in literature as QUAD4 and MITC4 respectively.
Since then, many improvements have been attempted and the presented four-node element is one of the kind. This element starts with the full cubic polynomial interpolation for the plate transverse displacement and quadratic for the two global plate section rotations and captures only favorable terms in the shear strain expressions meaning that the shears are assumed to control convergences. The element is already tested on the variety of benchmark examples, and compared to the other efficient elements from the literature. In this paper, the abilities of the element are demonstrated on the dynamical benchmark problem of solving first few vibration modes for the clamped circular plate with uniform thickness, where an irregular mesh is inevitable and for which the analytical exact solution exists and can be used for comparison.
New four-node Mindlin-type plate element
Firstly, we want to describe a new four-node quadrilateral element designed to model plate problems according to the Mindlin plate theory, meaning that the bending, as well as the shear strains are involved in the stiffness matrix assemblage. The element describes the plate with uniform thickness t, with material parameters: E, the elasticity modulus, G, the shear modulus, ν, the Poisson's ratio and k, the section shear correction factor usually taken as k=5/6 for plates.
Interpolations for a four-node element
First, we choose an interpolation of the transverse displacement field (w). A quadratic polynomial [4] or a cubic polynomial [5] are good options for the later derivation of the assumed shear strain field. At the same time, the interpolations for the two section-rotation fields (θx and θy) have to be polynomials of one order lower than those used for interpolation of transverse displacements. See [4] and [5] for details, where the evolution of this assumption has been explained.
If a quadratic polynomial is used to interpolate displacement over the element domain, nine terms of the Pascal's triangle must be engaged and associated with some degrees of freedom to satisfy polynomial completeness. All existing nodal parameters w1,…,w4, θx1,…,θx4, θy1,…,θy4 , are involved together with one extra internal parameter wBb0 (regarded as an internal bubble displacement parameter).
If a cubic polynomial is chosen, another seven cubic function items have to be added in the displacement interpolation and seven more parameters should be associated. Four of them are the element-side curvature 16 GF • ZBORNIK RADOVA increments ij   according to the differential equation solution of the twonode beam element and the last three are cubic internal parameters wBb3, wBb4 and wBb5 that do not affect the conformity of the displacement field at the connection with adjacent elements.
At the same time, the associated section-rotation fields should also be expanded to the quadratic order adding five new items to each of them. The associated parameters include four projections of the curvature increments and the fifth is a rotation bubble parameter different for each field, namely θBb1 and θBb2.
The final cubic interpolation for the transverse displacement reads: 
The first line in (1) is a bilinear Lagrangian interpolation among nodal displacement parameters w1,…,w4 and the five following lines complete the quadratic linked interpolation form [4] , involving global nodal rotations θx1,…,θx4, and θy1,…,θy4 , together with the extra internal quadratic bubble displacement parameter wBb0. The seventh and the eighth line are cubic interpolation expansions related to the side curvature increments ij   that can be expressed as problem dependent parameters associated with the existing nodal displacements and rotations. For example, for the element side connecting node 1 to node 2, the side curvature increment 12   is proportional to the expression for shear strain (in brackets):
In the expressions (1) and (2) L12 denotes the element side length (in general Lij denotes any other element side length connecting node i to node j). D is the plate bending rigidity, D=Et³/(12(1-ν²)) and Gtk is the shear rigidity. The final line in (1) completes the cubic expansion with the new inner-element bubble parameters wBb3, wBb4 and wBb5.
Rotation fields, which are linked to the transverse displacement interpolation (1) , are interpolated separately with quadratic polynomials: 
Here the Lagrangian interpolation functions denoted by Ni are identical as in the first line of (1), but associated with the global nodal rotations. ij   are identical side curvature increments as in (2), but multiplied with the element side projections, while θBb1 and θBb2 are again the internal bubble parameters of the rotation fields that complete the quadratic polynomial form.
In total, all three fields are interpolated with 12 nodal parameters (degrees of freedom) and with 6 internal parameters that can be statically condensed at the end of the stiffness matrix formation process.
Assumed shear strain field
The shear strains in global directions x  and y  for the Mindlin plate assumptions follow the kinematics: 
where Vx and Vy are the shear stress resultants. If alternatively, shear strains are formulated for the element natural coordinates, then the line "s" passing through an arbitrary inner point with constant η, is taken into the consideration (Fig. 1) . The shear strain γs,ξ can now be expressed with respect to the global shear strains as
meaning that it can be computed as a sum of the derivative of displacement field (1) with respect to s, and the rotational fields (2) and (3) projected to the normal on the "s" line [6] . 
Similar expression for γs,η can be formulated for "s" line passing through an arbitrary inner point with constant variable ξ (see [6] ).
The patch test
The ability of the elements to produce exact stresses and to accommodate exact displacement is usually tested on the patchwork of irregular elements framed in a rectangular domain. A simple stress condition of constant cylindrical bending is assumed. On the outer nodes, all displacement and rotation degrees of freedom are prescribed and exact solution for the inner nodes is expected together with the exact stresses in the integration points of all elements.
It has been already demonstrated [7] that quadratic linked interpolation part from (1), (3) and (4) is sufficient to pass the cylindrical bending test on the patchwork geometry with constant field for moments and zero shear forces. Full cubic interpolation from (1), (3) and (4) also passes the patch test since all higher order terms are zeroed by the minimization procedure on the total energy of the problem [5] .
Nevertheless, a pure displacement based element constructed with only the described interpolations exhibits locking phenomena with coarse meshes and for very thin geometries.
Note that shear strain expression (8) is in neat contrast with the bending strain expressions [6] regarding equilibrium relations on one side and the actual polynomial order on the other. Therefore, in (8) any term associated with functions of the higher order then linear (any after the first two lines in (8)) can be omitted in the assumed shear expression as well as any cubic expansion parameter (including bubbles), with no effect on the ability to pass the constant bending patch test where shear should be zero.
After careful analysis, the best results are achieved by eliminating (or subtracting) only the parameter in the third line of (8) . The shear strain part 
and will be excluded from the final expression for the shear strain 
The result of this reduction is the assumed form for the shear strains for a new element that will become of the mixed type, but with the stiffness matrix assembled by involving only the strain functionals.
More details about the assumed strain four-node element can be found in [6] .
Stiffness and mass matrix
To determine the natural frequencies of the structural system, the homogeneous equation of the form The global stiffness matrix s K is assembled from stiffness matrices e K of all elements in the standard minimization process of the total potential energy. The element stiffness matrix is formed with two independent contributions, the bending energy part and the shear energy part (Mindlin theory assumption):
where the curvature strains and the shear strains are expressed with so-called B matrices via element nodal degrees of freedom
and where 
The mass matrix is calculated from the element mass matrices e C , M as fully populated consistent mass matrices integrated using the standard finite element procedure [8] : 
e p in (17), (18) and (19) is again a vector of all element nodal degrees of freedom.
If the homogenous global model solution for
equation (11) can be simplified to the generalized eigenvalue equation
where ω is an eigenvalue representing the circular natural frequency of the problem vibration and
p is the eigenvector of that vibration. Number of the problem eigenvalues ωi are equal to the number of non-zero global nodal degrees of freedom, but usually only the lowest few are checked and are the most accurate.
A numerical example
A circular plate with the perimeter clamped support conditions of uniform thickness t and uniform mass (Fig. 2) is analyzed and the eigenvalues and eigen shape modes are determined. The geometrical properties used are given in consistent units: radius of the circle, R=5.0 m (2R=10.0 m) and two thickness conditions, t=1.0 m or t=0.1 m representing moderately thick and thin model slenderness, respectively. The material properties used are: the elasticity modulus, E=2.0*10 11 Pa, the Poisson's coefficient, ν=0.3 and the plate volume mass, ρ=8000.0 kg/m 3 .
Finite element mesh for the circular plate is symmetric with respect to both principal axes and in every quarter there are either 3 (very coarse mesh), 12 (moderately coarse mesh as shown in Fig. 2 Table 1 compares the eigenvalues of all three mesh densities calculated with the present element denoted as Q4U3-AS (four node element with cubic interpolations and assumed natural strain). Percentage of errors for the eigenvalues with respect to the analytical solutions are presented in Fig.  3 . Tables 2 and 3 compare the eigenvalues of the present element with the elements from the literature. MIN3 is a Tessler's and Hughes's three-node Mindlin plate element with improved transverse shear [9] , ANS4 is a Lee's four node element also constructed with the assumed natural shear strain concept [10] and CS-DSG3 is a triangular element form [11] modelled with the cell-based smoothed discrete shear gap method.
The results from [11] in Tables 2 and 3 The error of the results for all elements from Table 2 are presented in Fig. 4 while from Table 3 In Table 1 ( Fig. 3) , a frequency deviation in 6 th , 9 th and 10 th mode can be observed. Similar behavior but in smaller scale can be observed for other elements from the literature (Figs. 4 and 5) . We attribute this deviation to the pattern of the model meshes, which all have to pass from the radial shape on the model perimeter to the quasi rectangle shape around the plate center. The concerned modal shapes are more influenced than the other ones.
Nevertheless, the results obtained for the present element are quite satisfactory and comparable to other relevant elements from the literature.
Also, as seen on Fig. 3 , the results of Q4U3-AS element for eigenvalues on the moderately coarse mesh (4x12) do not differ much from those obtained on 4-times denser mesh, concluding that the presented element is quite versatile and can be used in any modal analysis in practice with acceptable efforts in problem description.
Conclusion
A new finite element Q4U3-AS constructed on the assumed shear strain concept and derived from the starting cubic linked and problem dependent interpolations is presented. The element is tested on the dynamic benchmark problem of finding the eigenvalues for the circular plate of uniform thickness. The assessment on various element mesh densities is tested and the element is compared with other elements from the literature.
The new Q4U3-AS element has been validated in the presented dynamical analysis and will further be implemented as an element used in static or dynamic analysis of layered structures within the acknowledged research project.
